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ON SOME GENERALIZED EINSTEIN METRIC
CONDITIONS
SUMMARY
In this thesis, some family of generalized Einstein metric conditions on
semi-Riemannian manifolds are presented. It is proved that every Einstein
manifold of dimension ≥ 4 satisfies some pseudosymmetry type curvature
conditions. Basing on this fact, we introduce a family of curvature conditions
holding on every semi-Riemannian manifold.
It is also proved that on any Einstein manifold the condition
R · C − C ·R = κ
n(n− 1) Q(g, C) (1)
is satisfied. By using this fact, we investigate any non-Einstein, non-conformally
flat manifolds satisfying the condition
R · C − C ·R = LQ(g, C) (2)
and obtained that any manifold satisfying (2) is pseudosymmetric and in addition
C ·R = 0 on that manifold. Then we state two inverse theorems giving sufficient
conditions for (2).
Further, we investigate hypersurfaces immersed isometrically
in semi-Riemmannian space forms. Investigations of Cartan hypersurfaces
and Ricci-pseudosymmetric hypersurfaces lead to curvature identities holding
on every hypersurface M . Under some assumptions, we show that these
identities give rise to new generalized Einstein metric conditions holding on every
hypersurfaceM . We describe an example of a hypersurface having some of these
properties.
v
BAZI GENELLES¸TI˙RI˙LMI˙S¸ EINSTEIN METRI˙K
S¸ARTLARI
O¨ZET
Bu tezde semi-Riemannian manifoldlarda bazı genelles¸tirilmis¸ Einstein metrik
s¸artları sunuldu. Boyutu 4 ten bu¨yu¨k olan her Einstein manifoldunun bazı
pso¨dosimetri tip eg˘rilik s¸artlarını sag˘ladıg˘ı ispatlandı. Bu gerc¸ek kullanılarak
herhangi bir semi-Riemannian manifoldunda gerc¸eklenen eg˘rilik s¸artları verildi.
Herhangi bir Einstein manifoldunda
R · C − C ·R = κ
n(n− 1) Q(g, C) (3)
eg˘rilik s¸artının sag˘landıg˘ı go¨sterildi. Bu o¨zellik kullanılarak
R · C − C ·R = LQ(g, C) (4)
eg˘rilik s¸artını sag˘layan herhangi Einstein olmayan, konformal du¨z olmayan
manifoldlar incelendi ve (2) s¸artını sag˘layan bir manifoldun pso¨dosimetrik oldug˘u
ve ayrıca C ·R = 0 o¨zellig˘inin bu manifoldda sag˘landıg˘ı elde edildi. Daha sonra
(2) ic¸in gerekli yeter s¸artları veren iki kars¸ıt teorem sunuldu.
I˙lave olarak, bir semi-Riemannian uzay formunda izometrik daldırılmıs¸
hiperyu¨zeyler incelendi. Cartan hiperyu¨zeyleri ve Ricci-pso¨dosimetrik
hiperyu¨zeylerin incelenmesi herhangi bir hiperyu¨zeyde gec¸erli olan eg˘rilik
o¨zelliklerinin ortaya c¸ıkmasına neden oldu. Bazı kabuller altında bu eg˘rilik
o¨zellikleri kullanılarak her hiperyu¨zeyde gerc¸eklenen yeni genel Einstein metrik
s¸artları go¨sterildi. Son olarak, bu o¨zellikleri sag˘layan bir hiperyu¨zey o¨rneg˘i
sunuldu.
vi
1. INTRODUCTION
A semi-Riemannian manifold is said to be locally symmetric if the condition
∇R = 0 is satisfied on that manifold. These manifolds are first studied and
classified by E. Cartan in the late twenties.
A semi-Riemannian manifold is said to semi-symmetric if the condition R ·R = 0
is satisfied on that manifold. E. Cartan studied semi-symmetric spaces which is
a natural generalization of symmetric spaces. Z. Szabo´ classified semi-symmetric
spaces in 1980’s. Their semisymmetric or semiparallel submanifolds was studied
first by J. Deprez. He also classified those hypersurfaces and surfaces in Euclidean
spaces.
The study on totally umbilical submanifolds of semisymmetric manifolds and
study of geodesic mappings onto semisymmetric manifolds lead to the notion
of pseudosymmetric manifolds. A semi-Riemannian manifold is said to be
psudosymmetric if at every point of M the following condition is satisfied:
The tensors R · R and Q(g,R) are linearly dependent. This condition is
equivalent to the relation R · R = LRQ(g,R) where LR is a function on the
set UR = {x ∈ M |R − κn(n−1) G 6= 0 at x}. Pseudosymmetric manifolds are a
generalization of semisymmetric manifolds.
Notion of pseudosymmetry give rise also to other curvature conditions called
conditions of pseudosymmetry type or generalized Einstein metric conditions.
In this thesis, we study generalized Einstein metric conditions on
semi-Riemannian manifolds. This thesis is divided into 4 chapters:
Chapter 1, provides the necessary structure for this thesis. We cite
pseudosymmetrically related tensors, the basic definitions, some curvature
conditions and some results.
In Chapter 2, it is proved that every Einstein manifold satisfies some
pseudosymmetry type curvature conditions, and then by considering
non-Einstein and non-conformally flat manifolds satisfying that condition , we
introduce a family of curvature conditions holding on every semi-Riemannian
manifold.
Chapter 3 is concerned with hypersurfaces immersed isometrically in
semi-Riemmannian space forms. It is known that investigations of Cartan
hypersurfaces and Ricci-pseudosymmetric hypersurfaces lead to curvature
identities holding on every hypersurface M . Then by using these identities
we introduce new generalized Einstein metric conditions holding on every
hypersurface M . And finally we describe an example of a hypersurface having
some of these properties.
Finally, in Chapter 4, we give results and discussion.
1
2. PSEUDOSYMMETRIC MANIFOLDS
In this chapter we give the basic definitions, properties and results related with
the pseudosymmetric curvature conditions which will be used in the following
sections.
2.1. Pseudosymmetrically Related Tensors
Let (M ,g), be an n-dimensional, n ≥ 3, semi-Riemannian connected manifold
of class C∞ with Levi-Civita connection ∇. The Ricci operator S is denoted by
g(SX, Y ) = S(X, Y ), where X, Y ∈ Ξ(M), Ξ(M) being the Lie algebra of vector
fields on M .
We define the endomorphisms X ∧A Y , R(X, Y ) and C(X, Y ) of Ξ(M) by
(X ∧A Y )Z = A(Y, Z)X − A(X,Z)Y, (2.1)
R(X,Y )Z = [∇X ,∇Y ]Z −∇[X,Y ]Z, (2.2)
C(X,Y )Z = R(X, Y )Z
− 1
n− 2(X ∧g SY + SX ∧g Y −
κ
n− 1X ∧g Y )Z, (2.3)
respectively, where X, Y, Z ∈ Ξ(M), A is a symmetric (0,2)-tensor, κ the scalar
curvature and [X, Y ] is the Lie bracket of vector fields X and Y . In particular
we have (X ∧g Y ) = X ∧ Y .
The Riemannian-Christoffel curvature tensor R, the Weyl conformal curvature
tensor C and the (0,4)-tensor G of (M ,g) are defined by
R(X1, X2, X3, X4) = g(R(X1, X2)X3, X4),
C(X1, X2, X3, X4) = g(C(X1, X2)X3, X4),
G(X1, X2, X3, X4) = g((X1 ∧g X2)X3, X4), (2.4)
respectively. A tensor B of type (1,3) on M is said to be generalized curvature
tensor if
2
∑
X1,X2,X3
B(X1, X2)X3 = 0,
B(X1, X2) + B(X2, X1) = 0,
B(X1, X2, X3, X4) = B(X3, X4, X1, X2), (2.5)
where B(X1, X2, X3, X4) = g(B(X1, X2)X3, X4).
For symmetric (0, 2)-tensors E and F we define their Kulkarni-Nomizu product
E ∧ F by
(E ∧ F )(X1, X2, X3, X4) = E(X1, X4)F (X2, X3) + E(X2, X3)F (X1, X4)
− E(X1, X3)F (X2, X4)− E(X2, X4)F (X1, X3).
For a (0, k)-tensor field T , k ≥ 1, a (0,2)-tensor field A and a generalized
curvature tensor B on (M ,g) we define the tensors B · T and Q(A, T ) by
(B · T )(X1, ......, Xk;X, Y ) = −T (B(X, Y )X1, X2, ..., Xk)
− · · · − T (X1, ..., Xk−1,B(X, Y )Xk), (2.6)
Q(A, T )(X1, ......, Xk;X, Y ) = −T ((X ∧A Y )X1, X2, ..., Xk)
− · · · − T (X1, ..., Xk−1, (X ∧A Y )Xk),(2.7)
respectively, where X,Y, Z,X1, X2, · · ·Xk ∈ Ξ(M). Putting in the above
formulas B = R or B = C, T = R or T = C or T = S, A = g or A = S we obtain
the tensors R ·R, R ·C, C ·R, R ·S, C ·S, Q(g,R), Q(S,R), Q(g, C) and Q(g, S).
Let (M, g) be covered by a system of charts {W ;xk}. We denote by
gij, Rhijk, Sij, Ghijk = ghkgij − ghjgik and
Chijk = Rhijk − 1
n− 2(ghkSij − ghjSik + gijShk − gikShj)
+
κ
(n− 1)(n− 2)Ghijk , (2.8)
the local components of the metric tensor g, the Riemann-Christoffel curvature
tensor R, the Ricci tensor S, the tensor G and the Weyl tensor C, respectively.
Further, we denote by Sij = SirS
r
j and S
j
i = g
jrSir the local components of
the tensor S2 defined by S2(X, Y ) = S(S, Y ), and of the Ricci operator S,
respectively.
3
2.2. Some curvature conditions
In this section, we present some considerations leading to the definition of a
pseudosymmetric manifold.
A semi-Riemannian manifold (M, g), n ≥ 3, is said to be an Einstein manifold
if
S =
κ
n
g (2.9)
on M . Einstein manifolds form a natural subclass of the class of quasi-Einstein
manifolds.
A semi-Riemannian manifold (M, g), n ≥ 3, is called a quasi-Einstein manifold
if at every point x ∈M its Ricci tensor S has the form
S = αg + βw ⊗ w, (2.10)
where w ∈ T ∗xM and α, β ∈ R.
The semi-Riemannian manifold (M, g) satisfying the condition ∇R = 0 is said
to be locally symmetric [14]. Locally symmetric manifolds form a subclass of the
class of manifolds characterized by the condition
R ·R = 0. (2.11)
Semi-Riemannian manifolds fulfilling this condition are called semisymmetric
[15]. They are not locally symmetric in general. Here R ·R is a (0, 6)-tensor with
components
(R ·R)hijklm = ∇m∇lRhijk −∇l∇mRhijk
= RrijkR
r
hlm +RhrjkR
r
ilm +RhirkR
r
jlm +RhijrR
r
klm. (2.12)
A semi-Riemannian manifold is said to be Ricci-semisymmetric if on M we have
R · S = 0. A more general class of manifolds than the class of semisymmetric
manifolds is the class of pseudosymmetric manifolds [6].
A semi-Riemannian manifold (M, g) is said to be pseudosymmetric if at every
point of M the condition
R ·R = LRQ(g,R) (2.13)
4
holds on the set UR = {x ∈M |R− κn(n−1) G 6= 0 at x}, where LR is some function
on UR. There exist various examples of pseudosymmetric manifolds which are
non semisymmetric.
A semi-Riemannian manifold (M, g) is said to be Ricci-pseudosymmetric [7] if at
every point of M the condition
R · S = LS Q(g, S) (2.14)
holds on the set US = {x ∈M |S − κn g 6= 0 at x}, where LS is some function on
US.
A semi-Riemannian manifold (M, g) is said to be Weyl-pseudosymmetric if at
every point of M the condition
R · C = LC Q(g, C) (2.15)
holds on the set UC = {x ∈M |C 6= 0 at x}, where LC is some function on UC .
(2.13), (2.14), (2.15) or other conditions of this kind are called curvature
conditions of pseudosymmetry type.
In this thesis, we present a family of curvature conditions of pseudosymmetry
type which was found recently:
The condition
R · C − C ·R = LC Q(g, C) (2.16)
holds on the set UC = {x ∈M |C 6= 0 at x}, where LC is some function on UC .
The condition
R · C − C ·R = LRQ(g,R) (2.17)
holds on the set UR = {x ∈M |R− κn(n−1) G 6= 0 at x}, where LR is some function
on UR.
The condition
R · C − C ·R = L1Q(S,R) (2.18)
holds on the set U1 = {x ∈M |Q(S,R) 6= 0 at x}, where L1 is some function on
U1.
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The condition
R · C − C ·R = L2Q(S,C) (2.19)
holds on the set U2 = {x ∈M |Q(S,C) 6= 0 at x}, where L2 is some function on
U2.
These conditions are curvature conditions of pseudosymmetry type and also
we note that curvature conditions of pseudosymmetry type (2.16)-(2.19) are
generalized Einstein metric conditions.
2.3. Basic Definitions on Hypersurfaces and Some Results
Let M , n = dim M ≥ 3, be a connected hypersurface isometrically immersed
in a semi-Riemannian manifold (N, g˜). We denote by g the metric tensor of M ,
induced from the metric tensor g˜. Further, we denote by ∇˜ and∇ the Levi-Civita
connections corresponding to the metric tensors g˜ and g, respectively. Let ξ be
a local unit normal vector field on M in N and let ε = g˜(ξ, ξ) = ±1. We
can present the Gauss formula and the Weingarten formula of M in N in the
following form:
∇˜XY = ∇XY + εH(X, Y )ξ , ∇˜Xξ = −A(X) ,
respectively, where X,Y are vector fields tangent to M , H is the second
fundamental tensor of M in N , A is the shape operator of M in N and
Hk(X, Y ) = g(Ak(X), Y ), tr (Hk) = tr (Ak), k ≥ 1, H1 = H and A1 = A.
We denote by R and R˜ the Riemann-Christoffel curvature tensors of M and N ,
respectively. We denote by UH the set consisting of all points x ∈ M at which
the transformation A2 is not a linear combination of the shape operator A and
the identity transformation Id at x. Note that UH ⊂ US ∩ UC [12]. The Gauss
equation of M in N has the form
R(X1, X2, X3, X4) = R˜(X1, X2, X3, X4) + εH(X1, X2, X3, X4) , (2.20)
where X1, . . . , X4 are vector fields tangent to M and H =
1
2
H ∧ H. Let
the equations xr = xr(yh) be the local parametric expression of M in (N, g˜),
where yr and xr are the local coordinates of M and N , respectively, and
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h, i, j, k, l,m, p, q ∈ {1, . . . , n} and r, s, t, u ∈ {1, . . . , n + 1}. Now we can write
(2.20) in the form
Rhijk = R˜rstuB
r
h B
s
i B
t
j B
u
k + εHhijk , B
r
h =
∂xr
∂yk
, (2.21)
where R˜rstu, Rhijk, Hhijk = HhkHij−HhjHik and Hhk are the local components
of the tensors R˜, R, H and H, respectively. If M is a hypersurface in Nn+1s (c),
n ≥ 4, then (2.21) becomes
Rhijk = ε(HhkHij −HhjHik) + τ
n(n+ 1)
Ghijk, (2.22)
where τ is the scalar curvature of the ambient space and Ghijk are the local
components of the tensor G. Contracting (2.22) with gij and ghk, respectively
we get
Shk = ε(tr(H)Hhk −H2hk) +
(n− 1)τ
n(n+ 1)
ghk (2.23)
and
κ = ε
(
(tr(H))2 − tr(H2)
)
+
(n− 1)τ
n+ 1
, (2.24)
Ricci tensor and the scalar curvature, respectively, where tr(H) = ghkHhk,
tr(H2) = ghkH2hk and Shk are the local components of the Ricci tensor S
of M .
At the end of this section we present some results which will be used in the next
sections.
LEMMA 2.3.1 [11]. Let (M, g), n ≥ 4, be a semi-Riemannian manifold. Let at
point x ∈ US ∩ UC the following two conditions be satisfied:
S = µg + ρa⊗ a,∑
X,Y,Z
a(X)B(Y, Z) = 0,
for some nonzero covector a , where B = R − γG, µ, ρ, γ ∈ R. Then at x we
have :
R ·R = κ
n(n− 1)Q(g,R) = Q(S,R)−
(n− 2)κ
n(n− 1)Q(g, C), µ =
κ
n
.
LEMMA 2.3.2 [8]. Let (M, g), n ≥ 3, be a semi-Riemannian manifold. Let at
a point x ∈ M be given a nonzero symmetric (0,2)-tensor A and a generalized
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curvature tensor B such that at x the following condition is satisfied: Q(A,B)=0.
Moreover , let V be a vector at x such that the scalar ρ = a(V ) is nonzero ,
where a is a covector defined by a(X) = A(X,V ), X ∈ TxM .
(i) If A = 1
ρ
a⊗ a then ∑X,Y,Z a(X),B(Y, Z) = 0 at x, where X, Y, Z ∈ TxM .
(ii) If A− 1
ρ
a⊗ a is nonzero, then B = γ
2
A ∧ A, γ ∈ R, at x. Moreover in both
cases , B ·B = Q(Ric(B), B) at x.
LEMMA 2.3.3 [8]. Let (M, g), n ≥ 3, be a semi-Riemannian manifold. Let at a
point x ∈M be given a symmetric (0,2)-tensor A and two generalized curvature
tensors B1 and B2 such that B1 = 12A∧A and B2 = g ∧A, respectively. Then at
x we have
Q(A,G) = −Q(g,B2) and Q(A,B2) = −Q(g,B1).
THEOREM 2.3.1 [8]. Let (M, g), n ≥ 3, be a semi-Riemannian manifold. If at
a point x ∈ US ∩ UC its curvature tensor R is of the form
R =
φ
2
S ∧ S + µg ∧ S + ηG, φ, µ, η ∈ R,
then at x we have
R ·R = LRQ(g,R) = Q(S,R) + (LR + µ
φ
) Q(g, C),
where LR =
µ
φ
((n− 2)µ− 1)− η(n− 2).
LEMMA 2.3.4 [5]. Let E be a symmetric (0,2)-tensor at a point x of a
semi-Riemannian manifold (M ,g), n ≥ 3. If
E = αg + βu⊗ u, α, β ∈ R, u ∈ T ∗xM,
then at x we have
E2 = α˜E + β˜g, α˜, β˜ ∈ R.
LEMMA 2.3.5 [5]. Let (M, g), n ≥ 3, be a semi-Riemannian manifold. Let
E be a nonzero symmetric (0,2)-tensor at a point x ∈ M . If at x we have
Q(E − αg, g ∧ E) = 0 , α ∈ R, then
E2 = α˜E + β˜g,
8
where α˜, β˜ ∈ R.
PROPOSITION 2.3.1 [13]. Let M be a hypersurface in Nn+1s (c) , n ≥ 4. The
following identities are satisfied on M
R · S = Q(H, tr(H)H2 −H3) + ετ
n(n+ 1)
Q(g, tr(H)H −H2), (2.25)
R · C = Q(S,R)− 1
n− 2g ∧ (R · S)
− (n− 2)τ
n(n+ 1)
Q(g,R)− τ
n(n+ 1)
Q(S,G). (2.26)
PROPOSITION 2.3.2 [13]. Let M be a hypersurface inNn+1s (c) , n ≥ 4, satisfying
the condition ∑
(X1,X2),(X3,X4),(X,Y )
(R · C)(X1, X2, X3, X4;X, Y ) = 0.
Then the following identities are satisfied on M
H3 = tr(H)H2 + λH − µ
n
g, (2.27)
R · S = τ
n(n+ 1)
Q(g, S)− µ
n
Q(g,H), (2.28)
R · C = Q(S,R)− µ
(n− 2)nQ(H,G)−
(n− 2)τ
n(n+ 1)
Q(g,R)
− (n− 3)τ
(n− 2)n(n+ 1)Q(S,G), (2.29)
where λ is some function on UH and
µ = tr(H)tr(H2)− tr(H3) + λtr(H).
PROPOSITION 2.3.3 [12]. Let M be a hypersurface in Nn+1s (c) , n ≥ 4. Then
the following identity is satisfied on M
R ·R = Q(S,R)− (n− 2)τ
n(n+ 1)
Q(g, C), (2.30)
where τ is the scalar curvature of N .
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3. SOME FAMILY OF GENERALIZED EINSTEIN
METRIC CONDITIONS
In this chapter we prove that every Einstein manifold of dimension ≥ 4
satisfies some pseudosymmetry type curvature conditions. Basing on this fact
we introduce a family of curvature conditions. We investigate non-Einstein
manifolds satisfying one of these conditions [10].
3.1. Einstein Manifolds Satisfying a Certain Curvature
Condition
In this part we obtain some basic identities which will be used in the next results.
Using the definition of the tensors R · C and C ·R given in (2.4) we get
(R · C)hijklm = grs(CrijkRshlm + ChrjkRsilm + ChirkRsjlm + ChijrRsklm), (3.1)
(C ·R)hijklm = grs(RrijkCshlm +RhrjkCsilm +RhirkCsjlm +RhijrCsklm). (3.2)
Contracting the tensor Q(g,R) with gij and ghm, respectively, we get
gijQ(g,R)hijklm = −gijgmhRlijk − gmigijRhljk − gmjgijRhilk − gmkgijRhijl
+glhg
ijRmikj + glig
ijRhmjk + gljg
ijRhimk + glkg
ijRhijm
= Q(g, S)hklm, (3.3)
ghmQ(g,R)hijklm = g
hm(−gmhRlijk − gmiRhljk − gmjRhilk − gmkRhijl
+glhRmikj + gliRhmjk + gljRhimk + glkRhijm)
= −(n− 1)Rlijk − gljSik + glkSij, (3.4)
respectively. Contracting the tensor Q(g, C) with gij, we have
gijQ(g, C)hijklm = −gmhgijClijk − Chlmk − Chmlk − gmkgijChijl + glhgijCmijk
+glkg
ijChijm + Chmlk + Chlmk + g
ijglkChijm
= 0. (3.5)
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Contracting the tensor Q(g, C) with ghm and Q(S,R) with gij and ghm,
respectively, we get
ghmQ(g, C)hijklm = g
hm(−gmhClijk − gmiChljk − gmjChilk − gmkChijl
+glhCmijk + gliChmjk + gljChimk + glkChijm)
= −(n− 1)Clijk, (3.6)
gijQ(S,R)hijklm = Alkhm − Alhmk − Amkhl + Amhlk, (3.7)
ghmQ(S,R)hijklm = Alijk − Ailjk − Ajilk − Akijl − κRlijk
+SklSij − SjlSik, (3.8)
respectively , where
Amijk = S
s
mRsijk. (3.9)
Using (2.8) in (3.1) we obtain
(R · C)hijklm = grs(CrijkRshlm + ChrjkRsilm + ChirkRsjlm + ChijrRsklm)
= (R ·R)hijklm − 1
(n− 2)
[
RhklmSij −RjhlmSik +RjilmShk
−RkilmShj −RhjlmSik +RijlmShk +RhklmSij −RiklmShj
+gijS
s
kRshlm + ghkS
s
jRsilm + ghkS
s
iRsjlm + gijS
s
hRsklm
−gikSsjRshlm − ghjSskRsilm − gikSshRsjlm − ghjSsiRsklm
]
+
κ
(n− 1)(n− 2)
[
Rhklmgij −Rjhlmgik +Rjilmghk −Rkilmghj
+Rijlmghk −Rhjlmgik +Rhklmgij −Riklmghj
]
= (R ·R)hijklm − 1
(n− 2)
[
gij(Akhlm + Ahklm) + ghk(Ajilm + Aijlm)
−gik(Ajhlm + Ahjlm)− ghj(Akilm + Aiklm)
]
. (3.10)
Applying in the same way (2.8) in (3.2) we get
(C ·R)hijklm = grs(RrijkCshlm +RhrjkCsilm +RhirkCsjlm +RhijrCsklm)
= (R ·R)hijklm
− 1
n− 2Q(S,R)hijklm +
κ
(n− 1)(n− 2)Q(g,R)hijklm
− 1
n− 2(ghlAmijk − ghmAlijk − gilAmhjk + gimAlhjk
+gjlAmkhi − gjmAlkhi − gklAmjhi + gkmAljhi). (3.11)
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Now combining (3.10) and (3.11) we obtain
(n− 2)(R · C − C ·R)hrsklm = Q(S,R)hrsklm − κ
(n− 1)Q(g,R)hrsklm
− grs(Ahklm + Akhlm)− ghk(Arslm + Asrlm) + grk(Ahslm + Ashlm)
+ ghs(Arklm + Akrlm)− gklAmshr − gsmAlkhr + ghlAmrsk
− ghmAlrsk − grlAmhsk + grmAlhsk + gslAmkhr + gkmAlshr. (3.12)
By contraction with grs and making use of (3.3) and (3.7) yields,
(n− 2)grs(R · C − C ·R)hrsklm = grsQ(S,R)hrsklm − κ
(n− 1)g
rsQ(g,R)hrsklm
− grsgrs(Ahklm + Akhlm)− grsghk(Arslm + Asrlm)
+ grsgrk(Ahslm + Ashlm) + g
rsghs(Arklm + Akrlm)
+ grsghlAmrsk − grsghmAlrsk − grsgrlAmhsk + grsgrmAlhsk
+ grsgslAmkhr − grsgsmAlkhr − grsgklAmshr + grsgkmAlshr.
This, making use of (3.9), yields
(n− 2)grs(R · C − C ·R)hrsklm = Alkhm − Alhmk − Amkhl + Amhlk
− κ
n− 1(ghlSkm + gklShm − ghmSkl − gkmShl)
− n(Ahklm + Akhlm)− grsghk(Arslm + Asrlm) + grsghlAmrsk
− grsghmAlrsk − grsgklAmshr + grsgkmAlshr + δsk(Ahslm + Ashlm)
+ δrh(Arklm + Akrlm)− δslAmhsk + δsmAlhsk + δrlAmkhr − δrmAlkhr
= −(n− 2)(Ahklm + Akhlm) + ghl
(
S2mk −
κ
(n− 1)Skm
)
+gkl
(
S2mh −
κ
(n− 1)Shm
)
− gmk
(
S2lh −
κ
(n− 1)Slh
)
−ghm
(
S2lk −
κ
(n− 1)Skl
)
.
If we define tensor D by
D =
1
n− 2S
2 − κ
(n− 1)(n− 2)S, (3.13)
we obtain
gij(R · C − C ·R)hijklm = ghlDkm + gklDhm − ghmDkl − gkmDhl
−(Ahklm + Akhlm). (3.14)
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Contracting (3.12) with ghm and using (3.4) and (3.8) we obtain
(n− 2)ghm(R · C − C ·R)hijklm = SklSij − SjlSik − nAlijk − 2Ailjk
+ gkl(Eij − κ
n− 1Sij)− gjl(Eik −
κ
n− 1Sik)
+ gik(Ejl − S2jl)− gij(Ekl − S2kl) + 2Alijk + 2Akilj + 2Ajikl
+ (Alijk + Alkij + Ajki) + (Ailjk + Aijkl + Aiklj).
Finally we get
(n− 2)ghm(R · C − C ·R)hijklm = SklSij − SjlSik + gkl(Eij − κ
n− 1Sij)
− gjl(Eik − κ
n− 1Sik)− gij(Ekl − S
2
kl) + gik(Ejl − S2jl)
− nAlijk − 2Ailjk + 2(Alijk + Ajilk + Akilj), (3.15)
where the tensor E is defined by
Eij = S
rsRrijs. (3.16)
By using the identity (3.12) we prove the following theorem
THEOREM 3.1.1. On any semi-Riemannian Einstein manifold (M, g), n ≥ 4,
we have
R · C − C ·R = κ
(n− 1)n Q(g,R) =
κ
(n− 1)n Q(g, C).
PROOF. Using (2.9) in (3.9) we get,
Amijk = S
s
mRsijk =
κ
n
gstgtmRsijk =
κ
n
Rmijk. (3.17)
Now if we use (3.17) in the identity (3.12) we obtain
(n− 2)(R · C − C ·R)hijklm = κ
n
Q(g,R)hijklm − κ
n− 1 Q(g,R)hijklm
+
κ
n
[
ghlRmijk − ghmRlijk − gilRmhjk + gimRlhjk + gjlRmkhi
− gjmRlkhi − gklRmjhi + gkmRljhi − gij(Rhklm +Rkhlm)
− ghk(Rijlm +Rjilm) + gik(Rhjlm +Rjhlm) + ghj(Riklm +Rkilm)
]
.
Then we have
R · C − C ·R = κ
(n− 1)nQ(g,R) (3.18)
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and
C = R− κ
n(n− 1) G. (3.19)
Then we obtain Q(g, C) = Q(g,R). Applying this in (3.18) we get our assertion.
With respect to Theorem 2.1.1 in the next sections we restrict our considerations
to the subset U = US ∩ UC of M .
3.2. Manifolds Satisfying R · C − C ·R = LCQ(g, C)
Let us write R · C − C ·R = LCQ(g, C) in the form
(n− 2)(R · C − C ·R) = (n− 2)LCQ(g, C). (3.20)
Contracting with gij, in the view of (3.5) and (3.14), we obtain
Ahklm + Akhlm = ghlDkm + gklDhm − ghmDkl − gkmDhl. (3.21)
Contracting (3.21) with ghm we get
ghmAhklm + g
hmAkhlm = g
hmghlDkm + g
hmgklDhm − ghmghmDkl
−ghmgkmDhl,
SsmRsklm + S
2
lk = Dlk + gkltr(D)− nDkl −Dkl,
and therefore by using the definition of the tensor E we get
E =
−2
n− 2S
2 +
nκ
(n− 1)(n− 2)S + tr(D)g. (3.22)
Further, summing cyclically (3.21) in h, l,m we get
Ahklm + Alkmh + Amkhl = 0
This together with (3.21) yields
−nAlijk − 2Ailjk + 2(Alijk + Ajikl + Akilj) = −nAlikj − 2Ailjk.
Note that
Alijk + Ailjk = gljDik + gijDlk − glkDij − gikDlj.
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Hence
−nAlikj − 2Alikj = −nAlikj − 2(−Alijk + gljDik + gijDlk − glkDij − gikDlj)
= −nAlijk + 2Alijk − 2Q(g,D)lijk
= −(n− 2)Alijk − 2Q(g,D)lijk
−(n− 2)Alijk − 2Q(g,D)lijk = −nAlijk − 2Ailjk + 2(Alijk + Ajikl + Akilj).
(3.23)
Contracting (3.20) with ghm and using (3.6) and (3.15) we have
ghm(n − 2)(R · C − C ·R)hijklm = ghm(n− 2)LCQ(g, C)hijklm
= SklSij − SjlSik
+ gkl
(
Eij − κ
n− 1Sij
)
− gjl
(
Eik − κ
n− 1Sik
)
− gij(Ekl − S2kl) + gik(Ejl − S2jl)
− nAlijk − 2Ailjk + 2(Alijk + Ajilk + Akilj)
= −(n− 1)Clijk(n− 2)LC
− SjlSik + SklSij + gkl
(
Eij − κ
n− 1Sij
)
− gjl
(
Eik − κ
n− 1Sik
)
− gij(Ekl − S2kl)
+ gik(Ejl − S2jl)− (n− 2)Alijk − 2Q(g,D)lijk
= −(n− 1)(n− 2)LCClijk
Using (3.13) and (3.22), we get
E − S2 + 2D = −(n− 2)D + tr(D)g,
E − κ
n− 1S + 2D = tr(D)g,
and using this relation we obtain
(n− 2)Alijk = SklSij − SjlSik
+ tr(D)(gklgij − gjlgik + gikgjl − gijgkl)
− 2Q(g,D)lijk − gij
(
κ
n− 1Skl − S
2
kl
)
+ gik
(
κ
n− 1Sjl − S
2
jl
)
+ (n− 1)(n− 2)LCClijk
Alijk =
1
n− 2(SklSij − SjlSik)
+gijDkl − gikDjl + (n− 1)LCClijk. (3.24)
15
By using (2.8) and (3.13) in (3.24) we get,
(n− 1)LCClijk = Alijk − 1
2(n− 2)Slijk − gijDkl + gikDjl
= Srl Rrijk −
1
2(n− 2)Slijk − gijDkl + gikDjl
= Srl (Crijk +
1
n− 2(g ∧ S)rijk −
κ
(n− 1)(n− 2)Grijk)
− 1
2(n− 2)Slijk − gijDkl + gikDjl
(n− 1)LCClijk = Srl Crijk. (3.25)
(3.20) in virtue of (3.12) takes the form
LCQ(g, C)hijklm = (R.C − C.R)hijklm
=
1
n− 2
[
Q(S,R)hijklm − κ
n− 1Q(g,R)hijklm
+gik(Ahjlm + Ajhlm) + (ghlAmijk − ghmAlijk − gilAmhjk
+gimAlhjk + ghj(Aiklm + Akilm)− ghk(Aijlm + Ajilm)
+gjlAmkhi − gjmAlkhi − gklAmjhi + gkmAljhi)
−gij(Ahklm + Akhlm)
]
.
Applying (3.21) and (3.22) on the right hand side of the equation
(n − 2)LCQ(g, C)hijklm = −Q(S,R)hijklm + κ
n− 1Q(g,R)hijklm
− ghl
[
1
n− 2(SmkSij − SmjSik) + gijDmk − gikDmj + (n− 1)LCCmijk
]
− ghm
[
1
n− 2(SlkSij − SljSik) + gijDlk − gikDlj + (n− 1)LCClijk
]
− gil
[
1
n− 2(SmkShj − SmjShk) + ghjDmk − ghkDmj + (n− 1)LCCmhjk
]
+ gim
[
1
n− 2(SlkShj − SljShk) + ghjDlk − ghkDlj + (n− 1)LCClhjk
]
+ gjl
[
1
n− 2(SmiSkh − SmhSki) + gkhDmi − gikDmh + (n− 1)LCCmkhi
]
− gjm
[
1
n− 2(SliSkh − SlhSik) + gkhDli − gikDlh + (n− 1)LCClkhi
]
− gkl
[
1
n− 2(SmiSjh − SmhSij) + gjhDmi − gijDmh + (n− 1)LCCmjhi
]
+ gkm
[
1
n− 2(SliSjh − SlhSij) + gjhDli − gijDlh + (n− 1)LCCljhi
]
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+ gij(ghlDkm + gklDhm − ghmDkl − gkmDhl) + ghk(gilDjm + gjlDim
−gimDjl − gjmDil)− gik(ghlDjm + gjlDhm − ghmDjl − gjmDhl)
−gjh(gilDkm + gklDim − gimDkl − gkmDil).
Then we get
(n− 2)LCQ(g, C) = Q(S,R)− κ
n− 1Q(g,R)
+
1
n− 2Q(g,
1
2
S ∧ S) + (n− 1)LCQ(g, C).
Hence we obtain
Q(S,R)− κ
n− 1Q(g,R) +
1
2(n− 2)Q(g, S) + LCQ(g, C) = 0.
Applying now Lemma 2.3.3 we have the following
Q(g,
1
2
S ∧ S) = −Q(S, g ∧ S),
and therefore we get
Q(S,R)− κ
n− 1Q(g,R)−
1
n− 2Q(S, g ∧ S) + LCQ(g, C) = 0. (3.26)
Using the definitions of the tensors in (3.26) we get,
− SmhRlijk − SmiRhljk − SmjRhilk − SmkRhijl + SlhRmijk + SliRhmjk
+ SljRhimk + SlkRhijm
− κ
n− 1
(
−gmhRlijk − gmiRhljk − gmjRhilk − gmkRhijl + glhRmijk
+ gliRhmjk + gljRhimk + glkRhijm
)
+
1
n− 2
(
−ghkSmhSij − gijSmhSlk + gljSmhSik + gikSmhSlj − ghkSmiSlj
− gljSmiSij + ghjSmiSlk + glkSmiShj − ghkSmjSil − gilSmjShk + ghlSmjSik
+ gikSmjShl − ghlSmkSij − gijSmkShl + ghjSmkSil + gilSmkShj + gmkShlSij
+ gijSlhSmk − gmjSlhSik − gikSlhSmj + ghkSliSmj + gmjSliShk − ghjSliSmk
− gmkSliShj + ghkSljSim + gimSljShk − ghmSljSik − gikSljShm + ghmSlkSij
+ gijSlkShm − ghjSlkSim − gimSlkShj
)
+ LCQ(g, C)hijklm
= 0
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and we have
− Chmjk( κ
n− 1gli − Sli)− Chimk(
κ
n− 1glj − Slj)− Chijm(
κ
n− 1glk − Slk)
+ Chilk(
κ
n− 1gmj − Smj) + Chijl(
κ
n− 1gmk − Smk)− Cmijk(
κ
n− 1glh − Slh)
+ Clijk(
κ
n− 1gmh − Smh) + Chlk(
κ
n− 1gmi − Smi)
+ LCQ(g, C)hijlm
= 0.
Finally we obtain
Q(S − κ
n− 1g, C) + LCQ(g, C) = 0,
Q(S −
(
κ
n− 1 − LC
)
g, C) = 0. (3.27)
We have the following
PROPOSITION 3.2.1. Let (M, g), n ≥ 4, be a semi-Riemannian manifold
fulfilling the property (2.16). Then on the set U ⊂M we have
Q(S −
(
κ
n− 1 − LC
)
g, C) = 0.
According to earlier remark we restrict our consideration to the subset U . If
x ∈ U then S − ( κ
n−1 − LC)g 6= 0 at x and applying Lemma 2.3.2 we have two
cases depending on the rank of the tensor S − ( κ
n−1 − LC)g.
(i) S − ( κ
n−1 − LC)g = βa⊗ a.
In local coordinates, we have
ahCijkl + aiCjhkl + ajChikl = 0, (3.28)
Q(Ric(C), C) = 0 ⇒ C · C = 0. (3.29)
(3.28) implies ara
r = 0. Now contracting
Sij = (
κ
n−1 − LC)gij + βaiaj with gij we get
LC =
κ
n(n− 1) . (3.30)
Consequently we obtain in sequence:
S =
κ
n
g + βa⊗ a,
S2ij = (
κ
n
gir + βair ⊗ air)(κ
n
grj + βa
r
j ⊗ arj)
=
κ2
n2
g + 2
κ
n
β(a⊗ a).
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Using the above identity in (3.13)
D =
1
n− 2
(
κ2
n2
g + 2
κ
n
β(a⊗ a)
)
− κ
(n− 1)(n− 2)(
κ
n
g + βa⊗ a)
=
κ
n(n− 1)(
κ
n
g + βa⊗ a)− κ
2
n2(n− 2)g
= LCS − κ
2
n2(n− 2)g.
So we get Q(g,D) = LCQ(g, S) and using this with (3.21) we get
R · S = LCQ(g, S). (3.31)
Applying (2.8) in the identity
(C · C)hijklm = grs(CrijkCshlm + ChrjkCsilm + ChirkCsjlm + ChijrCsklm)
= (C ·R)hijklm − 1
n− 2
[
ghk(C · S)ijlm + gij(C · S)hklm
−ghj(C · S)iklm − gik(C · S)hjlm
]
− 1
n− 2
[
CkhlmSij − CjhlmSik + CjilmShk − CkilmShj
+CijlmShk − ChjlmSik + ChklmSij − CiklmShj
]
+
κ
(n− 1)(n− 2)
[
Ckhlmgij − Cjhlmgik + Cjilmghk
−Ckilmghj + Cijlmghk − Chjlmgik + Chklmgij − Ciklmghj
]
.
Then we obtain
(C · C)hijklm = (C ·R)hijklm − 1
n− 2
(
ghk(C · S)ijlm + gij(C · S)hklm
−ghj(C · S)iklm − gik(C · S)hjlm
)
. (3.32)
Using (3.25) we get
(C · S)hijk = grs(SriCshjk + ShrCsijk) = SsiCshjk + SshCsijk
= (n− 1)LC(Cihjk + Chijk)
= 0.
Using this identity with (3.29) we get
C ·R = 0.
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So R · C = LCQ(g, C) and using (3.31) we have also
R ·R = LCQ(g,R).
(ii) rank(S − ( κ
n−1 − LC)g) > 1.
Let us put α = S − κ
n−1 − LC and W = S − αg. According to Lemma 2.3.2, we
have C = γ
2
W ∧W . Thus using (2.8) we get
R =
1
2
S ∧ S +
(
1
n− 2 − αγ
)
g ∧ S +
(
γα2 − κ
(n− 1)(n− 2)G
)
.
Applying now Theorem 2.3.1 we obtain R ·R = LCQ(g,R). In the same manner
as in the case (i) we obtain C ·R = 0. Thus we have proved
THEOREM 3.2.1. Let (M, g), n ≥ 4, be a semi-Riemannian manifold fulfilling
R · C − C · R = LCQ(g, C). Then on U ∈ M we have R · R = LCQ(g,R) and
C ·R = 0.
COROLLARY 3.2.1. Let (M, g), n ≥ 4, be a semi-Riemannian manifold fulfilling
R · C = C ·R. Then on U ∈M we have R ·R = 0 and C ·R = 0.
We have the following inverse statements.
PROPOSITION 3.2.2. Let (M, g), n ≥ 4, be a semi-Riemannian manifold
satisfying
S = µg + βa⊗ a, (3.33)∑
X,Y,Z
a(X) C(Y, Z) = 0. (3.34)
Then on the set U we have R ·R = κ
n(n−1) Q(g,R), C ·R = 0 and consequently
R · C − C ·R = κ
n(n− 1) Q(g, C).
PROOF. (3.33) implies that
C = R− 1
n− 2(2µ−
κ
n− 1)G−
β
n− 2g ∧ (a⊗ a)
and if we say
B = R− 1
n− 2(2µ−
κ
n− 1)G
then (3.34) will be equivalent to∑
X,Y,Z
a(X)B(Y, Z) = 0
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because ∑
X,Y,Z
a(X)
(
g ∧ (a⊗ a)
)
(Y, Z) = 0.
Applying Lemma 2.3.1 we get R · R = κ
n(n−1)Q(g,R). Using (3.33) and the fact
that arar = 0, we easily obtain C · S = 0. On the other hand using (3.34) leads
to C · C = 0. So using (3.32) we get C ·R = 0.
PROPOSITION 3.2.3. Let (M, g), n ≥ 4, be a semi-Riemannian manifold
satisfying the relation C = γ
2
W ∧ W , where W = S − αg. Then on the set
U ⊂ M we have C · R = 0 and R · R = LRQ(g,R), where LR = κn−1 − α.
Consequently (2.16) holds on U .
PROOF. Contracting the tensor Chijk = γ(WhkWij −WhjWik) with gij we get
Chijk = γ(WhkWij −WhjWik) (3.35)
gijChijk = γg
ij(WhkWij −WhjWik)
0 = γ(Whktr(W )−W 2hk)
W 2 = Wtr(W )
C ·W = grs
(
Wrj(WsmWil −WslWim) +Wir(WsmWjl −WslWjm)
)
= W 2mjWil −W 2ljWim +W 2imWlj −W 2ilWjm
= tr(W )(WmjWil −WljWim +WimWlj −WilWjm) = 0
C · S = C · (W + αg) = 0 and also C · C = 0.
Using (3.32) we get C ·R = 0. The curvature tensor R in virtue of (3.35) can be
written in the form
R =
γ
2
(S ∧ S)− ( 1
n− 2 − γα)(g ∧ S) +
(
γα2 − κ
(n− 1)(n− 2)
)
G.
Using Theorem 2.3.1 we get R ·R = LRQ(g,R).
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4. SOME GENERALIZED EINSTEIN METRIC
CONDITIONS ON HYPERSURFACES IN SEMI
RIEMANNIAN SPACE FORMS
In this chapter we investigate curvature identities holding on every hypersurface
M isometrically immersed in a semi-Riemannian space form.
4.1. Some Einstein Metric Conditions on Hypersurfaces
Using the definition of Kulkarni-Nomizu product we prove the following Lemma
which will lead to two identities that will be used.
LEMMA 4.1.1. Let E1, E2 and F be symmetric (0,2)-tensors at a point x of a
semi-Riemannian manifold (M ,g), n ≥ 3. Then at x we have
E1 ∧Q(E2, F ) + E2 ∧Q(E1, F ) = −Q(F,E1 ∧ E2).
If E = E1 = E2 then
E ∧Q(E,F ) = −Q(F,E). (4.1)
PROOF. Let E1 = A and E2 = B for simplicity
E1 ∧Q(E2, F ) + E2 ∧Q(E1, F ) = (A ∧Q(B,F ))hijklm + (B ∧Q(A,F ))hijklm
= AhkQ(B,F )ijlm + AijQ(B,F )hklm − AhjQ(B,F )iklm
−AikQ(B,F )hjlm +BhkQ(A,F )ijlm +BijQ(A,F )hklm
−BhjQ(A,F )iklm −BikQ(A,F )hjlm
= Fmh(A ∧B)lijk + Fmi(A ∧B)hljk + Fmj(A ∧B)hilk
+Fmk(A ∧B)hijl − Flh(A ∧B)mijk
−Fli(A ∧B)hmjk − Flj(A ∧B)himk − Flk(A ∧B)hijm
= −Q(F,A ∧B)hijklm = −Q(F,E1 ∧ E2)hijklm.
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Also using the definition of Kulkarni-Nomizu product
Q(E,E ∧ F )hijklm = Fmh(EijElk − EikElj) + Fmi(EhkElj − ElkEhj)
+Fmj(EhkEli − ElhEik) + Fmk(ElhEij − EliEhj)
−Flh(EmkEij − EmjEik)− Fli(EmjEhk − EmkEhj)
+Flj(EmiEhk − EmhEik)− Flk(EmhEij − EmiEhj)
= FmhElijk + FmiEhljk + FmjEhilk + FmkEhijl
−FlhEmijk − FliEhmjk − FljEhimk − FlkEhijm
= −Q(F,E)hijklm,
where E = 1
2
E ∧ E so we get
Q(E,E ∧ F ) = −Q(F,E). (4.2)
As a consequence of (2.26) and (2.30) we get
E ∧Q(E,F ) = Q(E,E ∧ F ). (4.3)
PROPOSITION 4.1.1. Let M be a hypersurface in Nn+1s (c), n ≥ 4.
(i) R · S = Q(A,H) + τ
n(n+1)
Q(g, S) onM .
(ii) On M ,
R · C = Q(S,R)− 1
n− 2 g ∧Q(A,H)
+
τ
n(n+ 1)
(
1
n− 2Q(S,G)− (n− 2)Q(g, C)
)
, (4.4)
where
A = H3 − tr(H)H2 + εκ
n− 1H. (4.5)
PROOF. Using (2.25) and (2.23)
R · S = Q(H, tr(H)H2 −H3) + ετ
n(n+ 1)
Q(g, tr(H)H −H2)
= Q(H,
εκ
n− 1H − A) +
ετ
n(n+ 1)
Q(g, εS − (n− 1)τ
n(n+ 1)
g)
=
εκ
n− 1Q(H,H) +Q(A,H) +
ετ
n(n+ 1)
(
Q(g, εS) +
(n− 1)τ
n(n+ 1)
Q(g, g)
)
= Q(A,H) +
τ
n(n+ 1)
Q(g, S).
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Using (2.26) and (2.8)
R · C = Q(S,R)− 1
n− 2
[
g ∧
(
Q(A,H) +
τ
n(n+ 1)
Q(g, S)
)]
− (n− 2)τ
n(n+ 1)
Q
(
g, C +
1
n− 2g ∧ S −
κ
(n− 1)(n− 2)G
)
− τ
n(n+ 1)
Q(S,G)
= Q(S,R)− 1
n− 2g ∧Q(A,H)−
τ
n(n+ 1)(n− 2)g ∧Q(g, S)
− (n− 2)τ
n(n+ 1)
Q(g, C)− τ
n(n+ 1)
Q(g, g ∧ S)
+
κτ
n(n+ 1)(n− 1)Q(g,G)−
τ
n(n+ 1)
Q(S,G)
= Q(S,R)− 1
n− 2g ∧Q(A,H)
+
τ
n(n+ 1)
(
1
n− 2Q(S,G)− (n− 2)Q(g, C)
)
.
THEOREM 4.1.1. On every hypersurface M in Nn+1s (c), n ≥ 4, the following
identities hold
R · C = Q(S,R) + 1
n− 2 g ∧Q(H,A)
− τ(n− 3)
n(n+ 1)(n− 2) Q(S,G)−
τ(n− 2)
n(n+ 1)
Q(g,R), (4.6)
C ·R = (n− 3)
(n− 2) Q(S,R)−
(n2 − 3n+ 3)τ
n(n+ 1)(n− 2) Q(g,R)
− (n− 3)τ
(n− 2)n(n+ 1) Q(S,G) +
1
n− 2 H ∧Q(g, A), (4.7)
R · C − C ·R = 1
n− 2 Q(S,R) +
(n− 1)τ
(n− 2)n(n+ 1) Q(g,R)
+
1
n− 2 (g ∧Q(H,A)−H ∧Q(g, A)). (4.8)
PROOF. Applying the relations (2.8) and (4.2) in (4.4) we get
R · C = Q(S,R)− 1
n− 2 g ∧Q(A,H)
+
τ
n(n+ 1)
[
1
n− 2 Q(S,G)− (n− 2)Q(g, C)
]
= Q(S,R)− 1
n− 2 g ∧Q(A,H) +
τ
n(n+ 1)(n− 2) Q(S,G)
−τ(n− 2)
n(n+ 1)
[
Q(g,R− 1
n− 2 g ∧ S +
κ
(n− 1)(n− 2) G)
]
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= Q(S,R)− 1
n− 2 g ∧Q(A,H) +
τ
n(n+ 1)(n− 2) Q(S,G)
−τ(n− 2)
n(n+ 1)
Q(g,R) +
τ
n(n+ 1)
Q(g, g ∧ S)− τκ
n(n− 1)(n+ 1) Q(g,G)
= Q(S,R)− 1
n− 2 g ∧Q(A,H) +Q(S,G)
[
τ
n(n+ 1)(n− 2) −
τ
n(n+ 1)
]
−τ(n− 2)
n(n+ 1)
Q(g,R)− τκ
n(n− 1)(n+ 1) Q(g,G).
Using the fact that Q(g,G) = 0 we obtain (4.6).
Transvecting (2.22) with Hrl = g
rhHhl we have
Hrl Rrijk = ε(H
2
klHij −H2jlHik) +
τ
n(n+ 1)
(gijHkl − gikHjl)
(R ·H)iljk = grs(HslRrijk +HisRrljk)
= ε(H2klHij −H2jlHik +H2kiHlj −H2jiHlk)
+
τ
n(n+ 1)
(gijHkl − gikHjl + gljHki − glkHji)
= εQ(H,H2)iljk +
τ
n(n+ 1)
Q(g,H)iljk
which implies
R ·H = εQ(H,H2) + τ
n(n+ 1)
Q(g,H). (4.9)
From (2.22) we also get
R− 1
n− 2
(
g ∧ S − κ
n− 1G
)
= εH¯ − 1
n− 2 g ∧ S
+
(
τ
n(n+ 1)
+
κ
(n− 1)(n− 2)
)
G.
By making use of (2.23) and (1.1) , turns into
C = εH¯ − 1
n− 2 g ∧
(
ε(tr(H)H −H2) + τ(n− 1)
n(n+ 1)
g
)
+
(
τ
n(n+ 1)
+
κ
(n− 1)(n− 2)
)
G
= εH¯ +
ε
n− 2g ∧ (H
2 − tr(H)H)
+
1
n− 2
(
κ
n− 1 −
τ
n+ 1
)
G. (4.10)
Let us define the tensor W = H2 − tr(H)H for simplicity. Using (4.10)
(C ·H)hijk = grsHriCshjk + grsHhrCsijk
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= grsHri
[
ε(HskHhj −HsjHhk) + ε
n− 2(gskWhj + ghjWsk − gsjWhk − ghkWsj)
+
1
n− 2
(
κ
n− 1 −
τ
n+ 1
)
(gskghj − gsjghk)
]
+ grsHhr
[
ε(HskHij −HsjHik)
+
ε
n− 2(gskWij + gijWsk − gsjWik − gikWsj)
+
1
n− 2
(
κ
n− 1 −
τ
n+ 1
)
(gskgij − gsjgik)
]
= ε
(n− 3)
n− 2 Q(H,H
2)hijk − τ
(n+ 1)(n− 2)Q(g,H)hijk
+
ε
n− 2
[
−ghkH3ij − ghk(−tr(H)H2ij)− ghk
(
κ(n− 2)
ε(n− 1)(n− 2)Hij
)
+gijH
3
hk + gij(−tr(H)H2hk) + gij
(
κ(n− 2)
ε(n− 1)(n− 2)Hhk
)
+ghjH
3
ik − ghj(−tr(H)H2ik) + ghj
(
κ(n− 2)
ε(n− 1)(n− 2)Hik
)
−gikH3hj − gik(−tr(H)H2hj)− gik
(
κ(n− 2)
ε(n− 1)(n− 2)Hhj
)]
.
Thus we get
(C ·H)hijk = ε(n− 3)
n− 2 Q(H,H
2)
− τ
(n+ 1)(n− 2)Q(g,H) +
ε
n− 2Q(g, A), (4.11)
where
A = H3 − tr(H)H2 + εκ
(n− 1)H.
Using this we get
(C ·R)hijklm = grs(RrijkCshlm +RhrjkCsilm +RhirkCsjlm +RhijrCsklm)
= grs
[(
ε(HrkHij −HrjHik) + τ
n(n+ 1)
Grijk
)
Cshlm
+
(
ε(HhkHrj −HhjHrk) + τ
n(n+ 1)
Ghrjk
)
Csilm
+
(
ε(HhkHir −HhrHik) + τ
n(n+ 1)
Ghirk
)
Csjlm
+
(
ε(HhrHij −HhjHir) + τ
n(n+ 1)
Ghijr
)
Csklm
]
= εHhk(g
rsHrjCsilm + g
rsHirCsjlm) + εHij(g
rsHrkCshlm
+grsHhrCsklm)− εHhj(grsHrkCsilm
+grsHirCsklm)− εHik(grsHrjCshlm + grsHhrCsjlm)
+grs
τ
n(n+ 1)
(
GrijkCshlm +GhrjkCsilm +GhirkCsjlm +GhijrCsklm
)
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= (εH ∧ (C ·H))hijklm + τ
n(n+ 1)
(
gijCkhlm − gikCjhlm + ghkCjilm − ghjCkilm
+ghkCijlm − gikChjlm + gijChklm − ghjCiklm
)
= (εH ∧ (C ·H))hijklm. (4.12)
(4.11) in view of (4.9) leads to,
C ·H = n− 3
n− 2(R ·H) +
ε
n− 2Q(g, A)−
(2n− 3)τ
(n− 2)n(n+ 1)Q(g,H). (4.13)
Using (4.13) in (4.12) we get
C ·R = εH ∧
[
n− 3
n− 2(R ·H) +
ε
n− 2Q(g, A)−
(2n− 3)τ
(n− 2)n(n+ 1)Q(g,H)
]
= ε
n− 3
n− 2H ∧ (R ·H) +
1
n− 2H ∧Q(g, A)
− (2n− 3)ετ
(n− 2)n(n+ 1)H ∧Q(g,H).
Observe that
(H ∧ (R ·H))hijklm = Hhk(R ·H)ijlm +Hij(R ·H)hklm −Hhj(R ·H)iklm
−Hik(R ·H)hjlm
= grsRsilm(HhkHrj −HhjHrk) + grsRsjlm(HhkHir −HikHhr)
+grsRshlm(HijHrk −HikHrj) + grsRsklm(HijHhr −HhjHir)
= grs(HrijkRshlm +HhrjkRsilm +HhirkRsjlm +HhijrRsklm)
= (R ·H)hijklm.
Also
R ·R = εR · H¯ + τ
n(n+ 1)
(R ·G) ⇒ R ·R = εR · H¯,
Q(g,R) = Q(g, εH¯) +
τ
n(n+ 1)
Q(g,G) ⇒ Q(g,R) = εQ(g, H¯).
Using these relations(2.8),(4.3) and (2.30) we get
C ·R = n− 3
n− 2(R ·R) +
1
n− 2H ∧Q(g, A)−
(2n− 3)τε
(n− 2)n(n+ 1)H ∧Q(g,H)
=
n− 3
n− 2
[
Q(S,R)− (n− 2)τ
n(n+ 1)
Q(g, C)
]
+
1
n− 2H ∧Q(g, A)
− (2n− 3)τ
(n− 2)n(n+ 1)Q(g,R)
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By making use of (1.1) and (4.2) we get (4.7).
C ·R = n− 3
n− 2
[
Q(S,R)− (n− 2)τ
n(n+ 1)
Q(g,R− 1
n− 2g ∧ S +
κ
(n− 2)(n− 1)G)
]
+
1
n− 2H ∧Q(g, A)−
(2n− 3)τ
(n− 2)n(n+ 1)Q(g,R)
=
(n− 3)
(n− 2)Q(S,R)−
(n2 − 3n+ 3)τ
n(n+ 1)(n− 2)Q(g,R)
− (n− 3)τ
(n− 2)n(n+ 1)Q(S,G) +
1
n− 2H ∧Q(g, A).
Further using (4.12) together with (4.4) yields
R · C − C ·R = 1
n− 2Q(S,R)−
τ
n(n+ 1)
Q(g, C)
+
1
n− 2(g ∧Q(H,A)−H ∧Q(g, A))
+
τ
n(n+ 1)(n− 2)Q(S,G) +
(2n− 3)τ
(n− 2)n(n+ 1)Q(g,R).
Applying (1.1) and (4.2) we get (4.8).
THEOREM 4.1.2. Let M be a hypersurface in Nn+1s (c), n ≥ 4. If
A =
(
λ+
εκ
n− 1
)
H + %g,
where
% =
1
n
(
tr(A)−
(
λ+
εκ
n− 1
)
tr(H)
)
(4.14)
is satisfied on UH ⊂M then on this set we have
R · C − C ·R = 1
n− 2 Q(S,R) +
(n− 1)τ
(n− 2)n(n+ 1) Q(g,R)
+
1
n− 2
(
%Q(H,G)− ε
(
λ+
εκ
n− 1
)
Q(g,R)
)
. (4.15)
PROOF. Using (4.14) and (4.1) in the relation (4.8) we get
R · C − C ·R = 1
n− 2 Q(S,R) +
(n− 1)τ
(n− 2)n(n+ 1) Q(g,R)
+
1
n− 2
(
g ∧Q(H,
(
λ+
εκ
n− 1
)
H + %g)
−H ∧Q(g,
(
λ+
εκ
n− 1
)
H + %g)
)
=
1
n− 2 Q(S,R) +
(n− 1)τ
(n− 2)n(n+ 1) Q(g,R)
+
1
n− 2
(
%Q(H,G)−
(
λ+
εκ
n− 1
)
Q(g, ε(R− τ
n(n+ 1)
G)
)
.
Hence we proved the theorem.
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4.2. Hypersurfaces with A = λH + %g
PROPOSITION 4.2.1. Let (M,g), n ≥ 4, be a semi-Riemannian manifold. The
following equalities are equivalent on M.∑
(X1,X2),(X3,X4),(X,Y )
(R · C)(X1, X2, X3, X4;X,Y ) = 0, (4.16)∑
(X1,X2),(X3,X4),(X,Y )
(R · C − C ·R)(X1, X2, X3, X4;X,Y ) = 0, (4.17)∑
(X1,X2),(X3,X4),(X,Y )
(C ·R)(X1, X2, X3, X4;X,Y ) = 0. (4.18)
PROOF. First we will give well known Patterson and Walker identities [1] which
will be used
Q(E,B)hijklm +Q(E,B)jklmhi +Q(E,B)lmhijk = 0, (4.19)
(R ·R)hijklm + (R ·R)jklmhi + (R ·R)lmhijk = 0. (4.20)
Using the identity (2.11) we get
(C ·R)hijklm = (R ·R)hijklm − 1
n− 2Q(S,R)hijklm
+
κ
(n− 1)(n− 2)Q(g,R)hijklm −
1
n− 2(ghlVmijk − ghmVlijk
−gilVmhjk + gimVlhjk + gjlVmkhi − gjmVlkhi − gklVmjhi + gkmVljhi),
where
Vmijk = S
s
mRsijk. (4.21)
Now symmetrizing with respect to the pairs (h, i), (j, k), (l,m) and using the
above identities
(C ·R)lmhijk + (C ·R)jklmhi + (C ·R)hijklm
= (R ·R)hijklm + (R ·R)jklmhi + (R ·R)lmhijk
− 1
n− 2
(
Q(S,R)jklmhi +Q(S,R)lmhijk +Q(S,R)hijklm
)
+
κ
(n− 1)(n− 2)
(
Q(g,R)hijklm +Q(g,R)jklmhi +Q(g,R)lmhijk
)
− 1
n− 2
[
ghl(Vmijk + Vimjk)− ghm(Vlijk + Viljk)− gil(Vmhjk + Vhmjk)
+gim(Vlhjk + Vhljk) + gjl(Vmkhi + Vkmhi)− gjm(Vlkhi + Vklhi)
−gkl(Vlkhi + Vjmhi) + gkm(Vljhi + Vjlhi) + gjh(Viklm + Vkilm)
−gij(Vhklm + Vkhlm)− gkh(Vijlm + Vjilm) + gik(Vhjlm + Vjhlm)
]
= Phijklm.
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In the same way we get
(R · C)lmhijk + (R · C)jklmhi + (R · C)hijklm = −Phijklm.
Using the last two relations we obtain
(R · C − C ·R)lmhijk + (R · C − C ·R)jklmhi
+ (R · C − C ·R)hijklm = −Phijklm.
THEOREM 4.2.1. If on the subset UH in a hypersurface M of Nn+1s (c), n ≥ 4,
one of the conditions (4.17) , (4.16) or (4.18) is satisfied then (4.14) holds on UH .
PROOF. Using Proposition 2.3.2 and (4.5), we have
A = H3 − tr(H)H2 +
(
εκ
n− 1
)
H
= λH − µ
n
g +
(
εκ
n− 1
)
H
=
(
λ+
εκ
n− 1
)
H +
1
n
(
tr(H3)− tr(H)tr(H2)− λtr(H)
)
g
=
(
λ+
εκ
n− 1
)
H +
1
n
(
tr(A)− εκ
n− 1tr(H)− λtr(H)
)
g.
Thus we get (4.14).
Using (4.19), (4.20) and Proposition 3.2.1 we immediately get
COROLLARY 4.2.1. If on the subset UH in a hypersurfaceM of Nn+1s (c), n ≥ 4,
one of the tensors R ·C, C ·R or R ·C−C ·R is a linear combination of R ·R
and of a finite sum of tensors of the form Q(E,B) where E is a symmetric
(0,2)-tensor and B a generalized curvature tensor , then (4.14) holds on UH .
Using the Theorem 3.2.1 and the Corollary 3.2.1 we prove
THEOREM 4.2.2. Let M be a hypersurface in Nn+1s (c), n ≥ 4. If at every point
of M the following two tensors are linearly dependent:
(i) R · C − C ·R and Q(g, C), or
(ii) R · C − C ·R and Q(g,R), or
(iii) R · C − C ·R and Q(S,R), or
(iv) R · C − C ·R and Q(S,C),
then (4.14) and (4.15) hold on UH ⊂M .
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PROOF. It is known that UH ⊂ US∩UC so on US∩UC (i) and (ii) can be written
as
R · C − C ·R = LCQ(g, C) and R · C − C ·R = LSQ(g,R),
where LC and LS are functions defined on UC and US, respectively. Then
using Corollary 3.2.1 we get (4.14).
Consider case (iii) and assume that Q(S,R) = 0 at x ∈ UH . Then using (2.30)
R ·R = − (n− 2)τ
n(n+ 1)
Q(g, C).
Also using (3.7)
grsQ(S,R)hrsklm = Alkhm − Alhmk − Amkhl + Amhlk
0 = Alkhm + Alhmk + Amhlk + Amkhl
R · S = 0.
Thus using these in (3.10) we have
R · C = R ·R− 1
n− 2g ∧ (R · S),
R · C = − (n− 2)τ
n(n+ 1)
Q(g, C).
Applying Corollary 3.2.1 we get (4.14). Clearly if Q(S,R) is nonzero then
Corollary 3.2.1 implies (4.14).
Finally for the case (iv) Let us assume that Q(S,C) is nonzero at x ∈ UH . Then
it is obvious that Corollary 3.2.1 implies (4.14). Assume now Q(S,C) = 0 at x.
Then we have R · R = κ
n−1Q(g,R). This yields R · S = κn−1Q(g, S). Using (2.8)
and (4.3) we find
R · C = R ·R− 1
n− 2g ∧ (R · S)
=
κ
n− 1Q(g,R)−
κ
(n− 2)(n− 1)g ∧Q(g, S)
=
κ
n− 1Q(g,R)−
κ
(n− 2)(n− 1)Q(g, g ∧ S)
=
κ
n− 1
(
Q(g,R)− κ
n− 2Q(g, g ∧ S)
)
=
κ
n− 1Q(g, C).
In the view of Corollary 3.2.1 we obtain (4.14) on UH . From Theorem 3.1.2 it
follows that (4.15) holds on UH . This completes the proof.
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PROPOSITION 4.2.2. Let (M ,g), n ≥ 4, be a semi-Riemannian manifold. If at
a point x ∈ US ∩ UC its curvature tensor R is of the form
R = φS + µg ∧ S + ηG, φ, µ, η ∈ R, (4.22)
then at x we have
R · C − C ·R =
(
1
φ
(
µ− 1
n− 2
)
+
κ
n− 1
)
Q(g,R)
+
(
µ
φ
(
µ− 1
n− 2
)− η)Q(S,G). (4.23)
PROOF. Contracting (4.22) with gij we get
Rhijk = φ(ShkSij − ShjSik) + µ(ghkSij + gijShk − ghjSik − gikShj)
+η(ghkgij − ghjgik),
Shk = φ(Shkκ− S2hk) + µ(ghkκ+ Shkn− Shk − Shk) + η(ghkn− ghk),
S2hk =
(
φκ+ µ(n− 2)− 1
φ
)
Shk +
(
µκ+ η(n− 1)
φ
)
ghk,
S2 = αS + βg (4.24)
where
α = κ+
µ(n− 2)− 1
φ
and β =
µκ+ η(n− 1)
φ
.
Using the relation (4.24) in (4.21) we have
Vmijk = S
h
mRhijk
= φ(S2mkSij − S2mjSik) + µ(SmkSij
+gijS
2
mk − SmjSik − gikS2mj) + η(Smkgij − Smjgik)
= φ
(
(α¯Smk + β¯gmk)Sij − (α¯Smj + β¯gmj)Sik
)
+µ
(
SmkSik + gij(α¯Smk + β¯gmk)− SmjSik − gik(α¯Smj + β¯gmj)
)
+η(Smkgij − Smjgik)
= (φα¯ + µ)(SmkSij − SmjSik) + (µα¯ + η)(Smkgij − Smjgik)
+φβ¯(Smkgij − Smjgik) + µβ¯Gmijk
= (α+ µ)(SmkSij − SmjSik) + (αµ
φ
+ η)(Smkgij − Smjgik)
+β(gmkSij − gmjSik) + βµ
φ
Gmijk, (4.25)
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where
α = φκ− 1 + (n− 2)µ, β = µκ+ (n− 1)η.
Using (4.25) we get
(R · S)mijk = grs(SriRsmjk + SmrRsijk)
= SsiRsmjk + S
s
mRsijk
= Vimjk + Vmijk
R · S = (n− 2)
(
µ
φ
(µ− 1
n− 2)− η
)
Q(g, S). (4.26)
Using (2.12) we get
(n− 2)(R · C − C ·R)hijklm = Q(S,R)hijklm − κ
(n− 1)Q(g,R)hijklm
+ ghlVmijk − ghmVlijk − gilVmhjk + gimVlhjk + gjlVmkhi − gjmVlkhi
− gklVmjhi + gkmVljhi − gij(R · S)hklm − ghk(R · S)ijlm
+ gik(R · S)hjlm + ghj(R · S)iklm
= Q(S,R)− κ
(n− 1)Q(g,R) + (α + µ)Q(g, S)
−(n− 2)
(
µ
φ
(µ− 1
n− 2)− η
)
(g ∧Q(g, S))
−
(
αµ
φ
+ η
)
Q(S,G). (4.27)
By using (4.22) we obtain
Q(g,R) = φQ(g, S¯) + µQ(g, g ∧ S) + ηQ(g,G),
Q(S,R) = −µ
φ
Q(g,R) +
(
η − µ
2
φ
)
Q(S,G).
If we substitute all these relations into the (4.27) we get (4.23).
4.3. Hypersurfaces with H3 = tr(H)H2 − εκn−1H.
We now present an example of a hypersurface satisfying the condition (4.14).
EXAMPLE 4.3.1.[4] Let M be a hypersurface in a Euclidean space En+1,
n ≥ 4, having three principal curvatures: 0, √γ,−√γ with multiplicities
n+2p
3
, n−p
3
and n−p
3
, respectively, where n − p = 3, 6, 12 or 24, p ≥ 1, and
γ is a positive function on M . The hypersurface M is a non-quasi-Einstein
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Ricci-semisymmetric manifold. Moreover, if n − p = 6, 12 or 24 then M is a
non-semisymmetric manifold. It is easy to check that on M we have:
tr(H) = 0, S = −H2, κ = −2(n− p)γ
3
,
H3 = tr(H)H2 + γH = − 3κ
2(n− p)H.
Now the relation H3 = λH, where λ = − 3κ
2(n−p) , yields (4.14).
THEOREM 4.3.1. Let M be a hypersurface in Nn+1s (c), n ≥ 4. On UH ⊂M the
condition A = 0 is equivalent to
R · C − C ·R = 1
n− 2 Q(S,R) +
(n− 1)τ
(n− 2)n(n+ 1) Q(g,R). (4.28)
PROOF. Clearly , A = 0 by (4.8) implies (4.28). Now assume that (4.28) holds
on UH . Then (4.8) reduces to
g ∧Q(H,A)−H ∧Q(g, A) = 0.
In the virtue of (4.3) and (4.14), we get
%g ∧Q(H, g) −
(
λ+
εκ
n− 1
)
H ∧Q(g,H)
= −%g ∧Q(g,H) +
(
λ+
εκ
n− 1
)
H ∧Q(H, g)
= −%g ∧Q(g,H) +
(
λ+
εκ
n− 1
)
H ∧Q(H, g)
= 0.
Thus we have
Q
((
λ+
εκ
n− 1
)
H − %g, g ∧H
)
= 0. (4.29)
We prove that
A =
(
λ+
εκ
n− 1
)
H + %g = 0.
First we assert that (
λ+
εκ
n− 1
)
= 0.
Suppose not; then (4.29) can be written in the form Q(H − αg, g ∧ H) = 0 ,
α ∈ R. Applying Lemma 2.3.5 we have a contradiction because x ∈ UH so we
have
%Q(g, g ∧H) = 0.
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Suppose that % 6= 0. Then using (4.1) , Q(H,G) = 0. Applying Lemma 2.3.2 we
get a contradiction. Therefore we have % = 0 and A = 0.
COROLLARY 4.3.1. Let M be a hypersurface in En+1s , n ≥ 4. On UH ⊂M the
condition A = 0 is equivalent to
R · C − C ·R = 1
n− 2 Q(S,R).
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5. RESULTS AND DISCUSSION
Every semi-Riemannian Einstein manifold satisfies the condition R ·C−C ·R =
κ
n(n−1)Q(g, C). Any non-Einstein, non-conformally flat manifold satisfying the
condition R · C − C · R = LQ(g, C) is pseudosymmetric and in addition the
condition C ·R = 0 is satisfied on that manifold.
Using the curvature identities holding for any hypersurface immersed
isometrically in a semi-Riemannian space form, under some assumptions other
generalized Einstein metric conditions can be obtained.
In the future, we aim to investigate new curvature conditions on hypersurfaces
in semi-Riemannian space forms.
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